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1 Introduction

In our just completed AFOSR contract, we have carried out an extensive research program
for the study of robust system control using methodologies from interpolation theory, dilation
theory, and functional analysis. We have also become interested in image processing and
computer vision, and their application to visual tracking problems.

In this Final Report, we will summarize some of our key results. A number of the research
directions described here are being continued in our new three year AFOSR contract as well.
In particular, we will discuss our work in nonlinear H* theory, distributed parameter control,
robust stability under various classes of perturbations, and visual tracking.

Under the support of AFOSR-AF/F49620-94-1-00S8DEF, we have continued to develop
our operator—theoretic methods for nonlinear robust control which we had already successfully
applied to the linear case. One of the pillars of our theory is a novel causal dilation result
which combines the classical dilation theory of Sarason-Sz.Nagy-Foias, and the nested algebra
setting of Arveson. This we believe also has important implications to time-varying systems
which is an ongoing topic of research for us. In this Final Report, we will sketch a solution
for the full standard nonlinear H* control problem in this framework as well.

As part of our AFOSR sponsored research, we have been investigating various issues in
distributed parameter control. Recently a monograph [71] which extensively describes our
skew Toeplitz approach to distributed H* design and analysis has been published. This is
based primarily on frequency domain ideas. We have been more recently trying to meld time-
domain and frequency-domain methods for robust distributed parameter control into a new
synthesis to get the advantages of both points of view.

We have also done extensive work on problems in p-synthesis and analysis. We have
developed a general lifting procedure, by which we can interpret the D-scaled upper bound
for the structured singular value as a singular value on a certain extended space. We have
shown in which cases lifting is unnecessary, i.e., the upper bound gives a non-conservative
measure of robustness. This is very important since the upper bound for y is log-convex in the
scalings and so can be computed, while g cannot. Our results work directly for systems, not
just finite matrices. This allows us to study broad classes of structured perturbations using
this tool. We have also been continuing our work to build a rigorous p-synthesis procedure
based on structured interpolation.

A major direction in our research is the design of novel techniques for using visual in-
formation in control systems, and in particular the problem of visual tracking. Even though
tracking in the presence of a disturbance is a classical control issue, because of the highly
uncertain nature of the disturbance, this type of control/vision problem is very difficult and
challenging. We believe that this effort will lead to enhanced man-machine interfaces for in-
teractions with computers and more complicated systems such as remote controlled weapons
and vehicles. In particular, we have been employing our control/vision methodology for the
airborne laser (ABL) program at Phillips Laboratory in our continuing collaboration with
Don Washburn and Sal Cusumano. Versions of some of our software are already running
there for use in the project.

Our interest in visual tracking has naturally led us to consider certain problems in com-
puter vision and image processing. Thus, we have been conducting research into advanced
algorithms in image processing and computer vision for a variety of uses: image smoothing
and enhancement, image segmentation, morphology, denoising algorithms, edge detection,
shape recognition, stereo disparity, optical flow, deformable contours (“snakes”) for tracking.



Our techniques have already been applied to a variety of imagery (military and medical), and
have been used to define a novel affine invariant scale-space. Our ideas are based on certain
‘types of geometric invariant flows rooted in the mathematical theory of curve and surface evo-
lution. There are now available powerful numerical algorithms based on Hamilton-Jacobi type
equations and the associated theory of viscosity solutlons for the computer implementation
of this methodology.

It is important to note that visual tracking dlﬂ'ers from standard tracking problems in that
the feedback signal is measured using imaging sensors. In particular, it has to be extracted via
computer vision and image processing algorithms and interpreted by a reasoning algorithm
before being used in the control loop. Furthermore, the response speed is a critical aspect.
As we have indicated above, we have been developmg robust control algorithms for some
years now, valid for general classes of distributed parameter and nonlinear systems based on
mterpo]at]on and operator theoretic methods. In our continuing research program in this
area, we have been explicitly combining our robust control techniques and the new approach
to image processing which we have just sketched, in order to develop “state of the art” visual
tracking algorithms.

In summary, in this Final Report, we will describe a variety of problems concerning the
control of systems in the presence of uncertainty which relate to a number of practical and
theoretical issues which we have investigated and which will provide the impetus for our
AFOSR sponsored research for the next several years.

2 Nonlinear Robust Control

We have been pursuing for some time now the problem of finding suitable extensions of H*
to the nonlinear framework. Indeed, some of the first papers in this connection are [10, 11].
This research has been continued in AFOSR-AF/F49620-94-1-00S8DEF.

It turns out that this research direction has brought out a number of intriguing questions
regarding the causality of input/output operators. This has led us to some new results in
which we have been able to place an explicit causality constraint in the commutant lifting
framework for the first time [66, 68, 81].

More precisely, in one key approach that we have been considering for the extension of
generalized interpolation theory (the mathematical basis of H*) to nonlinear input/output
operators [67], we find that we must apply the linear commutant lifting theorem to an H?2-
space defined on the n-disc D™. The difficulty is that when one applies the standard theory to
D™ (n > 2), even though time-invariance is preserved (that is, commutation with the appro-
priate shift), causality is generally lost. Thus to successfully find a nonlinear generalization
of linear H* suitable for control applications, we need to include the causality constraint
explicitly in the formulation of the interpolation problem. We will now sketch some of the
relevant results from [81, 67, 68] which allows us to accomplish this.

2.1 Causal Operators

A heuristic definition of “causality” for a given input/output operator is that the past output
is independent of the future inputs. Formally, let S denote an 1sometry on a Hilbert space
G, and let T denote a contraction on a Hilbert space #. Let Pjp, j > 1 denote a sequence of
orthogonal projections in G satisfying the following conditions:




Po<... (1

Po < )
Po < I—S§i§", j=149,... (@)
IDj.H,oS(I - R,o) = 0, 7=12,.... (3)

For U : K — K a minimal isometric dilation of the given contraction T, let B : ¢ — H
intertwine S with U, that is,

UB = BS. (4)
From this it is easy to see that
(I -UU%)B = (I - U'U¥)B(I - §°8*%), j=1,2,.... (5)

We can now define “causality”:

Definition. An operator B satisfying (4) is called (Pyo, Pao, . . .)-causal (and if the sequence
{Pjo}, is fixed, causal) if

(I -UU™)B = (I -UU¥)BPo, j>1, (6)
or equivalently,
(I-Po)B" = (I - Po) BUU™, j>1. ™)

Note that B is always (I—SS*, I—525*2,.. )-causal. We now fix the sequence Pyq, Py, . ..
relative to which causality will be taken in the sequel. Let A : G — H be an operator
intertwining S and T, that is, AS = T A. Then an intertwining lifting (or dilation) of A is an
operator B : G — K such that BS = UB, and PB = A where P : K — H denotes orthogonal
projection.

Define

Voo (A) := inf{||B|| : B is a causal intertwining dilation of A},

and v
u(A) = min{M > 0:|[A]l < M, |[(I - Pio) A*h]| < MIT*h]l, h € %, j > 1}.

We can then show that p(A) < v (4).
We will also need a functional which lies between p(A) and v (A). To this aim, we call
a sequence of operators I'; : G; := (I — Po;)G = H, j = 0,2,... a resolution of A if

o = A,
TjlGiya = TTjp Vi20,
Ij = T;nSIG; Vi>o.
(Note that we take Pog := 0, so that Go = G.) We now define
' R(A) :=
min{M > 0: ||A]| < M and there exists a resolution of 4, T';, with |[T|| < M, Vj > 0}.

We can now state the following results from [81]:



Theorem 1 (Causal Commutant Lifting Theorem) Notation as above. Then

Veo(4) = i(A).
We also have the following variant of Theorem 1:
Corollary 1 IfkerT = {0}, then u(A) = veo (A).

Using these ideas, for the compressed shift (the case which arises in control), we can give an
explicit method for designing nonlinear causal compensators which extends linear H* theory
to nonlinear systems [66, 67]. This is done by using a rather straightforward procedure by
which the construction of a causal dilation may be reduced to a classical interpolation problem.

We will now briefly indicate how the above theory looks for analytic mappings on Hilbert
space. following [81]. Accordingly, consider an analytic map ¢ with G = # = H? (the
standard Hardy space on the disc D). Clearly,

H'® . --@ H* = (H*)®" = H*(D")

where wemap 1® ---® 2® ---® 1 (z in the ¢-th place) to 2z;, i = 1,---,n. In the usual way,
we say that ¢ shift-invariant (or time-invariant) if

¢nS®n = S¢n Vn > 1,

where S : H?2 — H? denotes the canonical unilateral right shift. (Equivalently, this means
that S¢ = ¢ 0 .S on some open ball about the origin in which ¢ is defined.)
Next set )
B =F;)®---9R; (n times), j7>1, n>1,

where o
P(j) =1 —-578".

Then we say that ¢ is causal if
Piybn = PionPy, §>1, n>1.

For ¢ : H? — H? linear and time-invariant (i.e., intertwines with the shift), it is easy
to see that ¢ is causal. In the nonlinear setting however, time-invariance may not imply
causality. See [81] for a concrete example.

Now it is easy to show that the conditions (1), (2), and (3) given above are verified for

the P((;') and so the causal commutant lifting theorem applies. We will next see how this

may be used to develop an iterative design procedure for the construction of nonlinear robust
controllers [67, 81, 79, 68].



2.2 Iterated Design of Nonlinear Controllers

In this section, we will indicate how the causal lifting methodology described above leads
to a natural extension of H* theory for nonlinear plants. For simplicity, we assume that
our systems are SISO systems. Define an admissible operator to be an analytic input/output
operator ¢ : H> — H? which is causal, time-invariant, and ¢(0) = 0. Denote the set of
admissible operators by C,. We take the plant P and the weight W to be admissible, and we
assume that W admits an admissible inverse. .

. Consider the sensitivity minimization (one block) problem of finding

ps = inf sup [T+ PoC)~ o W, (®)
C |lolls

where we take the infimum over all stabilizing controllers. (In what follows, we let || || denote
the 2-norm || ||z on H? as well as the associated operator norm. The context will make the
meaning clear.) Hence we are considering a worst case disturbance attenuation problem where
the energy of the signals v is required to be bounded by some pre-specified level §. (In the
linear case since everything scales, we can always without loss of generality take 6 = 1. For
nonlinear systems, we must pre-specify the energy bound.) Using standard transformations,
one gets that (8) is equivalent to the problem of finding

ps = inf sup [|(W — Poq)v]|. (9)
9€Ca |1u]|<8

Our iterated lifting procedure gives an approach for approximating a solution to this type
of problem. Indeed, we express

W = WitWot---,
P = P+P+---,
9 = qt+q+---,

where W, P;, q; are homogeneous polynomials of degree j. Note that
My = é inf ”Wl - qul” + 0(52), (10)
QEH®

where the latter norm is the operator norm (i.e., H* norm). From the classical commutant
lifting theorem we can find an optimal (linear, causal, time-invariant) ¢ o,+ € H* such that

#s = 8||W1 — Pigy optll + O(6?). (11)

Now the iterative causal commutant lifting procedure gives a way of finding higher order
corrections to this linearization. We illustrate the method via a second order correction. So,
having fixed the linear part g op: of ¢ in (9), we observe that

W(v) — P(q(v)) — (W1 — Pig1,0pt) (v) =
W3 (v) — Py(q1,0pt(v)) — P1g2(v) + higher order terms.
Regarding Wy, Py, g2 as linear operators on H2 ® H? = H?(D?, C), we get that

Sup, |(W — Pog)(v) — (Wi — Pig,opt)vl| < 8%|W2 — Prgs|| + O(8%),



where the “weight” W is given by
Wy i= Wa — Pa(q1,0pt ® q1,0pt)-

Using the control version of the causal commutant lifting theorem (see [67] and Section 2.3),
we can derive an optimal admissible g3 ,5¢, and so on. This is our iterated lifting approach to
nonlinear H.

Consequently, instead of just designing a linear compensator for a linearization of the
given nonlinear system, this technique allows us to explicitly take into account the higher
order terms of the nonlinear plant, and so to increase the ball of operation for the nonlinear
controller. Further, if the linear part of the plant is rational, then we have shown that the
iterative procedure may be reduced to a series of finite dimensional matriz computations.

(See [67, 78] for details.)

2.3 General Formulation of Standard Problem

The methods we have described above have been extended to the full nonlinear standard
problem. We will indicate in this section, a formulation of the causal commutant lifting
theorem which is easily implementable for a nonlinear version of the standard control problem.
This is based on [69].

Accordingly, for the standard problem, we have the following general mathematical frame-
work. Let &, &2, F1, F, be Hilbert spaces equipped with the unilateral shifts Sg, , S¢,, S7,, S7,,
respectively. Let O : & — F; be a co-isometry intertwining Sg, with Sx, (ie., ©15¢ =
S7,01), and let ©3 : F2 - &; be an isometry intertwining Sg, with Sz,. We let Ug,, be the
minimal unitary dilation of Sg, on K¢, and similarly for Ug, on Kg,, Uz, on K#,, and Uz,
on Kz,.

Now let

P = (I - S2,858), PL) = (1—S3,55), a>0.

We let the sequence Péz) define the causal structure on &;, and similarly the causal structure

of F, is defined by the sequence Pg). Moreover, the causal structure on &; is defined by a

general sequence of operators Pl("), n > 0 satisfying the causal structure conditions (1), 2,
3) given above, and similarly the causal structure on F; is defined by a sequence of operators

P§"), n > 0 satisfying these conditions as well. We assume that the input/output operators
©;, O,, are causal with respect to the above structures. We let W : & — &; denote a

causal operator intertwining Sg, with Sg,. Thus causality for W means that Pé-:) WPI(") =
PS(:)VV, Vn > 0. Finally, Q : /; — F, will denote a causal operator intertwining Sz, with

Sz,.
Next let
M = (1- PM)&, vn >0,
and
: W, = SEwel™.
Set

£ = £,



where

w . 3
£ = JUFED c ke, S =g |60

Jj=0
Finally, we define W, : Sfco) — &, by
‘ Weg := Whgn,
(n)

for g = Ug'gn, gn € &7, n > 0. Now we can make a similar construction on the spaces
&, F1, Fo. In particular, for a causal Q : F; — F3, such that QSz, = Sx,Q, we can define

Q.: .7-'1(°°) — F,, where
&) = |JUged).

7=0

" Clearly both W, and Q.. extend by continuity to the closure Sl(c), respectively fl(c) = fl(co).
Further,

IWell = WIl, Wel&r =W, W.SE) = Se,W.,
and
W — ©:Q0,]| = |(W — ©:Q0,).|- (12) -

We put :
w(W,01,0;) :=inf{||W — ©,Q0,|| : QSx, = S£,Q}.

This is a general formulation of the classical standard control problem. We also set
pe(W, 041, 02) :=inf{||W — ©,Q01]| : Q causal, QSz, = S£,Q}.

This is the general formulation of the causal standard control problem.
Let ©; : K¢, = K7 denote the extension of the co-isometry ©, : & — F;, that is
uniquely defined by

élUglnel = U}T@lel, Vel S 81.
Note that ©; is also isometric and 0, Ug, = U}‘l(:)l. We now have following theorem [69):

Theorem 2 (Control Causal Commutant Lifting Theorem) Notation as above.

L p(W,0,,0,) = p(W., 6,60, 0,).

2. Qopt 1s a causal optimal solution, 1.e., |
1e(W,01,0;) = |[W — ©1Q0pt 02|

if and only if Q,pt o 1s such that

n(We, (':)1181(6), 03) = ||W. — ©2Qpt,.0: |g§c)"‘



We summarize how the classical standard problem can be solved using the commutant lifting
theorem. Define

H = £ 0 (61160 €l
He = &6 0F,.

Let P : & — H, denote orthogonal projection. Then we define the operator

A =AW, 0,6,0,) : H1 — Ha, (13)
by

Ah :=PW_.h, h€H,. (14)

Then using the commutant lifting theorem [193], one may show that

Al = n(We, 6,1, ©,).
From the control causal commutant lifting theorem, we conclude the following:

Corollary 2 Notation as above. Then

pe(W,©1,05) = [[A(W,, 6,161, 0,)|I.

The key point to note is that Theorem 2 and Corollary 2 reduce a causal optimization
problem to one involving classical interpolation. This we will exploit for the nonlinear stan-
dard problem.

2.4 Control Formulation of Nonlinear Standard Problem

We have just described the mathematical framework into which the nonlinear standard prob-
lem may be put. We will now give some details about this physical control problem itself.
Let Hj denote the standard Hardy space of C*-valued functions on the unit disc. As in
Section 2.2, we say an analytic input/output operator ¢ : Hy — H,, is admissibleif it is causal,
time-invariant, majorizable, and ¢(0) = 0. The space of admissible operators is denoted by
C,. For simplicity, C, will denote the set of admissible operators for any k and m. We now can
define the control problem. Referring to Figure 1, G represents the generalized plant which
we assume is modelled by an admissible operator, and K the compensator. Let F(G, K)
denote the input/output operator from w to z. Then we want to “minimize” F(G, K) over
all inputs of bounded energy (of fixed given bound) in the sense which will be given below.

For admissible G, we can write
F(G,K)=W —PoQoR,
for admissible operators W, P, R which depend only on the generalized plant G. We follow

here the convention that for given ¢ € C,, ¢, will denote the bounded linear map on the
space (H?)®" = H%(D",CK) (with K = k") associated to the n-linear part of ¢ which we




Figure 1: Standard Feedback Configuration

also denote by ¢,. We can define the notions of “optimality” and “amelioration” just as
in [67, 79]. We will now indicate an iterative procedure as in Section 2.2 which leads to an
optimal design in the standard nonlinear setting derived by solving a sequence of linear H*®
problems.

For the admissible operators W, P, R, we suppose that P, (the linear part of P) is an
isometry, and that R, is a co-isometry. Using the above notation, we take & := H?(D", C*),
& = H*(D,Ck), F, .= H*(D",C*), and F; := H?(D, C*). Then one may show

(PoQoR)y= ), > P(Qi, (R®Y),...,Qi (R®™)).
1<k<n i1t Fig=n
Note that we may in term write that

Q;(R®) = > Qj(Ri, ®:..® Ry;).
ky ks

Thus we see that A
(W —Po Q ° R)n = Wn - PlQn(Ri@n)v
where )
W, =W, + A(Qla .. -,Qn—-l)a

and A(Qy,...,Qn-1) is an explicitly computable function of Qy,...,Qn_1.
Here then is an iterative procedure to approximate a nonlinear causal compensator. From
the classical commutant lifting theorem, we may choose ; causal such that

W1 — PLQ1Ry|| = ||A(Wh, Ry, Pyl




Having chosen @), we can choose a causal Q); such that -
W, — PiQ1R; — P2(Q1R1 ® Q1R1) — PiQ2(R1 ® Ry)||
= |[A((Ws — P.Q1R2 — P2(Q1R1 ® Q1R1)e, R ® R1|E, P)|.

Inductively, given causal Qy,...,@n-1, we may choose @, causal such that
IWn — PQn(BE™)I| = IA((7r)e, RE™EL, P (15)

As before in each step of the procedure, the new “weight” W, is determined by W,,, P, R%",
and the optimal causal parameters chosen. Thus, we have a series of causal lifting problems
each of which may be reduced to a classical dilation problem

As in [79], we may prove that optimal compensating parameters always exist. For the
spaces & = H*(D",Ch), & = H*(D,Ck), F, := H*(D",C*), and F, := H*(D,Ck),
we are now working on expressing Theorem 2 as a “reduction theorem” (via the Fourier
representation), using similar techniques as in [67]. In the next several months, we will be
developing the above framework into an implementable design procedure. Accordingly, we
are having a student, program part of the procedure symbolically in Mathematica. We will
use our skew Toeplitz methods to realize the linear steps in the iterative construction of
the nonlinear compensator. We then plan to apply this to some specific nonlinear design
examples. For some results in this regard, see [66, 67].

3 Robust Control of Distributed Parameter Systems

Under AFOSR-AF/F49620-94-1-00S8DEF, we have continued our research into the control of
distributed parameter systems using the frequency based skew Toeplitz theory which we have
developed for H* optimization. In 1996, our monograph [71] appeared which explains in
great detail this methodology in a completely self-contained manner together with a number
of illustrative design examples. We will now briefly review some relevant facts on which this
approach is based as well as the newer methods which were given in [71].

Skew Toeplitz theory gives a practical way of computing the optimal H*°—performance
and the corresponding optimal and suboptimal controllers for distributed parameter systems.
Indeed, via this methodology the standard H®-optimization problem can be reduced to a
finite dimensional matrix problem even in the infinite dimensional case. Matlab code has
been written to implement the whole scheme.

3.1 Mixed Sensitivity Optimization

To illustrate our methods, we will sketch how several two block H*-minimization problems
reduce to the computation of the norm of a certain skew Toeplitz operator, and indicate how
this norm may be computed. We begin with some notation. The Hardy spaces H? and H*®
are defined on the unit disc in the standard way. We denote

RH® := {rational functions in H*}.
We consider the standard feedback configuration with the plant

Gn

P=—C—Y,—;,

10



where G, € H®, G4 € RH*®. We assume that (i) G, = m,Gp,, where m, € H® is inner
(arbitrary) and G, € H® is outer, and (ii) G, G4 have no common zeros in the closed unit
disc. We also write G4 = myGg4, where mq € RH® is inner and Gy, € RH® is outer. Under
these assumptions there exist X € RH*™ and Y € H* such that

XG,+YGy=1. (16)
The set of all controllers which stabilize the plant can now be written in the form
X +QGq
Y - QG
for some Q € H®. Now let S := (14 PC)~! and note that
S=1-XG,-QG,Gy. (17)
In [138, 139], using the commutant lifting theorem, we showed that the computation of

[ Wz‘ggli 1) ]"

where Wy, W, € RH™ are given weighting functions with W;™!, W;! € RH* may be reduced
to computing the norm of the operator

A= [ Pt (S WolSm(s)) |, s)

where S : H?2 — H? denotes the unilateral shift, H(m,) := H? & m,H? and Py(m,) the
orthogonal projection onto H(m,), for m, m, inner functions associated to the plant and
weighting filters, and where Wp, Wo, Gy are rational H*® functions computed from the plant
and weighting filters. This reduction is true for plants with arbitrary outer parts.

In [138, 139], we developed an approach to computing the singular values and vectors of
operators of the form (18). We remark here that it is easy to compute the essential norm of
the operator A, which will be denoted by ||A|lc. We can now state the following result:

C =

l[:

inf
stabilizing C

Theorem 3 Let n denote the mazimum of the McMillan degrees of the weighting filters W,
and W, and let £ denote the number of unstable poles of the plant P. Then the singular
vectors and values of A which are > ||A|l. may be derived from an ezplicitly computable
system of 3n + 2¢ linear equations (the “singular system”). :

In {139], the singular system of equations is explicitly written down. Again the number
of equations only depends on the McMillan degrees of the weighting filters, and the number
of right half plane poles of the plant. The computation of the mazimal singular value and
the associated singular vectors of A, then allows us to find the optimal performance p of our
original control problem and the corresponding optimal compensator. (Similar results have
been worked out in Flamm-Yang [61]. The mixed sensitivity optimization problem for stable
distributed plants was first solved in Zames-Mitter [194].)

Several benchmark examples have been worked out using this methodology including
problems in flight control [53], and the control of flexible beams [115].

11




3.2 Young Operator

In most typical frequency domain techniques, the standard problem needs to be put into
a certain four block form (this was illustrated above in the two block case; see also [85]).
This reduction involves a number of factorizations, some of which are quite difficult and
time-consuming to perform. Indeed, a major advantage of state space methods [52] is that
these factorizations may be avoided. On the other hand, one of the key disadvantages of
these state space methods is that their practical applicability to distributed systems seems to
be very difficult. (On an infinite dimensional state space one gets infinite dimensional, i.e.,
operator-valued Riccati equations. See [48].)

In our monograph [71], these issues have been treated by using the so-called Young operator
[193]. We would like to sketch this approach very briefly now.

Recall that via the Youla parametrization, the standard problem may be formulated as

finding
[Ty — TQT3|0,

where Ty, T3, T3,Q are matrix-valued H* functions of compatible sizes. More precisely, let
&, Fi denote finite dimensional complex Hilbert spaces for ¢ = 1,2. Then we take T} €
Hw(gl,gz), T, € Hoo(}-g,gz), T5 € Hoo(gl,]:l)’ and the parameter Q€ Hoo(}-l,fz). (In
general, for two complex separable Hilbert spaces £, F we define H®(£, F) to be the space
of all uniformly bounded analytic functions in the open unit disc, whose values are operators

from £ to F.)
Let

Hy, = Ty HA(F)
{feL*(&): Tsf € H*(F)},
Hy = L*(&) o (TLHYF)) .
Define the operator (see [193], [85], [63]) A : H; — M2 by
Af = PH2T1f1

inf |
QeEH®

where Py, denotes orthogonal projection on #3. Then using the commutant lifting theorem,
one may show that

inf |17y — T2QT3/oo = |IA]l-
ol N = T2QTs]leo = JIA|

In [71], we have parametrized the optimal compensators directly from the Young operator
along the same lines that we followed for the four block problem ([72, 73, 140]), completely
avoiding the reduction of the standard problem to its four block form.

4 Structured Perturbations

Under AFOSR support, we have been carrying out research in the analysis and synthesis of
robust feedback control in the presence of structured uncertainty models using the structured
singular value methodology pioneered by Doyle and Safonov [50, 150]. During AFOSR-
AF /F49620-94-1-00S8DEF, we have formulated a novel ampliation or lifting approach for the
study of robustness with respect to a number of key perturbation classes. Details about our
work on the structured singular value may be found in [23, 21, 22, 29, 24].
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4.0.1 Lifting of Structured Perturbations

In this section, we will discuss some of the key aspects of the lifting method we developed to
analyze the structured singular value. In order to do this, we will first need to make some
preliminary definitions.

Let A be a linear operator on a Hilbert space £, and let A be an algebra of operators on
&. The structured singular value of A (relative to A) is defined by

pa(A) ==1/inf{]|X]|: X € A, -1 € 0(AX)}.

(This quantity was defined in [50, 150] under a more restrictive context.) In robust system
analysis, pa (A) gives a measure of robust stability with respect to certain perturbation mea-
sures. Unfortunately, pa(A) is very difficult to calculate, and so in applications an upper
bound is employed. This upper bound is given by

fia(A4) = inf{|IXAX Y| : X € A', X invertible},

where A’ is the commutant of the algebra A.

The basic result underlying the lifting approach is that fia (4) can be shown to be equal
to the structured singular value of an operator on a bigger Hilbert space. (In [27] this was
done for finite dimensional Hilbert spaces, and then in [24] this was extended to the infinite
dimensional case. For another proof of this type of lifting result in finite dimensions, see [56].)
The problem with this work is that the size of the ampliation necessary to get fia (A) equal to
a structured singular value, is equal to the dimension of the underlying Hilbert space. Hence
in the infinite dimensional case we needed an infinite lifting. (Note that in this context, we
will be using the terms “ampliation” and “lifting” interchangeably.) A new result that came
out of the work in [27] was that for the first time the upper bound /i was rigorously shown to
be continuous.

Now in the recent paper [23], we have shown that in fact, one can always get by with a
finite lifting. For the block diagonal algebras of interest in robust control, the lifting only
depends on the number of blocks of the given perturbation structure.

We will denote by L£(£) the algebra of all bounded linear operators on the (complex,
separable) Hilbert space £. Fix an operator A € £(£) and a subalgebra A C £(£). Observe
that A C A” and A" = (A”)’ = A’ so that we have the inequalities

pa(A) < par(A), Ra(A) = fan(4) .

In our study we will need further singular values which we now define. For n € {1,2,...,00}
we denote by £ the orthogonal sum of n copies of £, and by T(® the orthogonal sum of n
copies of T € L£(E). Operators on £ can be represented as n x n matrices of operators in
L(£), and T is represented by a diagonal matrix, with diagonal entries equal to 7.

Denote by A,, the algebra of all operators on £(™) whose matrix entries belong to A, and
observe that (A,)" = (A"),, and (A,) = (A)™ = {T(™ : T € A'}. Therefore we will
denote these algebras by A! and A!,, respectively.

We can now formulate our lifting result from [23], relating pa (A) and fia(A). The proof
of the theorem makes use of some of our operator-theoretic work on the relative numerical
range, and the continuity of the spectrum on closed similarity orbits in [21, 22].
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Theorem 4 Assume that A’ is a *-algebra of finite dimension n. Then

fa(A) = pay(A™)
for every A € L(£).

In the cases of interest in control, A” = A, and so one has from Theorem 4 that pa, (A) =
ia(A).

4.0.2 Nonconservative Measures of Robustness

We will discuss some of the conditions from [23] when p = fi without any need for lifting. In

such cases, j1 gives a nonconservative measure of robustness relative to the given perturbation

structure. For constant matrices, the most famous result of thsi kind is due to Doyle [50],

who showed that no lifting is necessary for perturbation structures with three or fewer blocks.
First of all, call critical any Ag € Oar(A) satisfying

limsup ||(I — eX)Ao(I — eX) 7| > || Aol, VX € A".
0

Then we have

Lemma 1 If Ag is a critical operator in m, then it enjoys the following property (O):
0 € Wo(l|Ao|>X — A X Ao), X € A,

where Q = || Ao||*I — AjAo.

The next lemma is the key step in adapting the proof of Theorem 4 in order to show that
ta(A) = fia(A) in several interesting cases.

Lemma 2 Let Ag be an operator on £ which satisfies the essential version of property (0),
property (O°), namely
0€e WS(HAOIPX - ASXAO)v X e A,a

where Q = ||Ao||2T — A Ao. Then there exists a sequence {hi}2, C &, ||l =1, k=1,2,...,
such that
Qhi — 0 strongly and {(||Ao)|*X — A§X Ao)hi, hi) — 0,

forall X € A'.
We will also need the following result:

Theorem 5 If there exists a critical operator Aq satisfying property O° in the closed A'-orbit
of A, then

pan(A) = fia(A).



Remark. Under the hypotheses of Theorem 5, when A” = A (which happens in all cases of
interest in control), we have that
pa(A) = pa(A).

Let L(A’AA') denote the linear space generated by
A'AA' = {XAY : X,Y € A').
Obviously L(A’AA’) is finite dimensional, and therefore closed. Hence Oa:(A) C L(A'AA’).

Corollary 3 If for every B € L(A'AA"), B # 0, the norm of B is not attained (that is,
there is no h € H such that ||Bh|| = || BJ|||h]| # 0), then

pan(A) = jta (4).

We can now use our lifting methodology in order to derive an elegant result of Magretski
[120], and Shamma [162] on the structured singular value of a Toeplitz operator, i.e., a linear
time invariant system. See also [56, 102, 103] for related work in this area.

Let £ = H?(C™) and let A denote the multiplication (analytic Toeplitz) operator on &
defined by

(AR)(2) = A(2)h(2), |z| <1, h €&,

where
A(2) = [ak)ir=1, |21 < 1,

has H* entries. Let A’ be any x—subalgebra of £(C™), the elements of which are regarded
as multiplication operators on £. Note that in this case, A” = A is the algebra generated by
operators of the form

(Bh)(2) = B(2)h(2), |2|<1, he&
with B(2)X = XB(z), |z| <1, X € A’ as well as of the form

hl th
h, Yh,

B . = . [}
b, Yh,

with Y € L(H?(C)) arbitrary. We can now state:

Lemma 3 Let Ap be an analytic Toeplitz operator. Then if Ag has property (O), it also has
property (O°).

Corollary 4 ([120, 162]) For A and A’ as above, we have that

pra(A) = fa(A).
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4.1 General Input-Output Operators

It is of interest to put some the general results stated above into a system-theoretic framework.
Let £3 be the space of square summable one-sided sequences in C, let C denote the set of all
bounded linear operators on ¢2. Further, let A : £2(C™) — £2(C™) be an arbitrary bounded
linear operator. Thus A defines a (possibly) time-varying system. (Here ¢2(C™) the space
of of square summable sequences in C™, i.e., the space of finite energy vector-valued signals
with n components.) Then we want to interpret fis (A) as a structured singular value on an
extended space with an enhanced perturbation structure. Note £ in this case is the Hilbert
space £3 (C™).
Define the algebra of perturbations

6 0 ... 0
0 6 ... 0

A::{ - . :6,~€C,i=1,...,n}.
0 0 ..6,

Then the commutant of A is the finite dimensional C*-algebra,

di 0 0
0 do ... 0

Al = ] . . :d,'EC,i=1,...,n}.
0 O d,

Note that a constant d € C defines an operator on Zﬁ_ via multiplication.
We now have the following interpretation of jia (A). We lift A to AW g() 5 £() Then

A 0 0 0
0 A, O .
. .. :Aj € A}

0 0 ... A,

(A,)" is a space of time-varying perturbations, and we have from Theorem 4 that

fia(A) = pay(A™).

This is true for arbitrary time-varying systems A. In case A is Toeplitz, i.e., the system is
time-invariant, then as we have seen,

Aa(A) = ua(A).

5 Visual Tracking

As a key application of the robust control techniques we have been developing over the past
few years, we have been considering the problem of visual tracking. This has led us to consider
relevant problems in active vision and image processing which we have been treating using
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certain invariant geometric flows which we will now very briefly describe. It is important to
note that these equations themselves are very much motivated by ideas in optimal control;
see [110] and the references therein.

One of the key techniques in active vision and tracking is that of deformable contours
or snakes. These are autonomous processes which ultilize image coherence in order to track
features of interest over time. After some preliminary remarks about curve evolution, we will
discuss our snake model from [104]. :

5.1 Planar Curve Evolution

The theory of planar curve evolution has been considered in a variety of fields such as differ-
ential geometry [87, 90, 130, 131, 152], theory of parabolic equations [6], numerical analysis
[135, 158], computer vision [58, 59, 107, 108, 105, 144, 148, 153, 109, 180], viscosity solutions
[88, 55, 168], phase transitions [93], and image processing [3, 148, 149, 156].

Formally, let C(p,t) : S x [0,7) — R? denote a family of closed embedded curves, where
t parametrizes the family, and p parametrizes each curve. We assume that this family evolves
according to the following equation:

& =oT +pN,
{ Elp,0) = Col), ' (19)

where N is the inward Euclidean unit normal, 7 is the unit tangent, and o and B are the
tangent and normal components of the evolution velocity 7, respectively. One can show that

Img[C(p, t)] = Img[C(w, t)], where C(p,t) and C(w,t) are the solutions of
Ct = (1'71'*‘,3” and ét =ﬂ_N,

respectively. (Here Img[-] denotes the image of the given parametrized curve in R2.) Thus the
tangential component affects only the parametrization, and not Img[-] (which is independent
of the parametrization by definition). Therefore, assuming that the normal component 3 of 7
(the curve evolution velocity) in (19) does not depend on the curve parametrization, we can
consider the evolution equation

% —nr, (20)

where 8 =7 - ./\7, i.e., the projection of the velocity vector on the normal direction.

The evolution (20) was studied by different researchers for different functions 8. One of
the most important of such flows is derived when a planar curve deforms in the direction of
the Euclidean normal, with speed equal to the Euclidean curvature, i.e., when 8 = , for & is
the Euclidean curvature:

acC —
W = I‘EN . (21)

The flow given by (21) is called the Euclidean shortening flow, since the curve perimeter
shrinks as fast as possible using only local information [90]. Gage and Hamilton [87] proved
that a simple and smooth convex curve evolving according to (21), converges to a round
point. Grayson [90] proved that an embedded planar curve converges to a simple convex
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one when evolving according to (21), and so any embedded curve in the plane converges
to a round point via (21). For other results related to the Euclidean shortening flow, see
[5, 6, 87, 90, 91, 109, 184].

Next note that if v denotes the Euclidean arc length, then [169]

o*C
I‘E.AT = W
Therefore, equation (21) can be written as
C: = Cyy. ' (22)

Equation (22) is not linear, since v is a function of time (the arc length gives a time dependent
parametrization). Equation (22) is also called the geometric heat equation.

Recently, we introduced a new curve evolution equation, the affine geometric heat flow
[152, 153):

dC(p,t) _ 8°C(p,1)
a . os? (23)

C(p,0) = Co(p),

where
P
s@) = [ Cn Cl*d, | (24)

is the affine arc length ([Cs, C,s] = 1), i.e., the simplest affine invariant parametrization [34].
C,s is called the affine normal [92]. In contrast with the Euclidean version, the affine arc
length is based on area, and not on length (note that [C,,C,,] is the oriented area between
C, and Cp,). This is clear since length is not affine invariant, whereas area is the simplest
geometric affine invariant. This evolution is the affine analogue of equation (21), and admits
affine invariant solutions, i.e., if a family C(p,t) of curves is a solution of (23), the family
obtained from it via unimodular affine mappings, is a solution as well. We have shown that
any simple and smooth convex curve evolving according to (23), converges to an ellipse [152].
Since the affine normal C,, exists just for non-inflection points, we formulated the natural
extension of the flow (25) for non-convex initial curves in [153, 155]:

ot Css(p,t), otherwise, (25)
together with the initial condition C(p,0) = Co(p). The flow (25) defines a geometric, affine
invariant, multiscale representation of planar shapes. Indeed, in [153], we proved that this
flow satisfies all the required properties of (morphological) scale-space such as causality and
order preservation. For this flow, we proved (see also [7]) that the curve first becomes convex,
as in the Euclidean case, and after that it converges into an ellipse according to the results
of [152]. An equivalent model was independently derived in [4] from a an elegant axiomatic
point of view. See [153] for a number of explicit examples of planar shape smoothing.

We should also add that in [155], we give a general method for writing down invariant
flows with respect to any Lie group action on R2. The idea is to consider the evolution given

dC(p,t) { 0, p an inflection point,
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by C; = C,, where r is the group invariant arc length. This was formalized, together with
uniqueness results, in [130], and extended to hypersurfaces in [131]. Results for the projective

group were recently reported in [57, 58].
In great generality, the following result gives the form of an 1nvarla.nt flow for a hypersur-
face in an arbitrary number of space dimensions p:

Theorem 6 Let G be a transformation group, and let Ldr = Ldz' A ... A dzP be a G-

invariant Lagrangian with nonzero variational (Euler-Lagrange) derivative E(L). Then every

G-invariant evolution equation has the form
L

1,

E(L)

where I is a arbitrary differential invariant of G.

Uy = (26)

The Euclidean group is a special case of a volume-preserving transformation group G.
This means that it leaves the (p + 1)-form dz A du = dz' A - - - A d2P A du invariant.

Proposition 1 Suppose G is a connected transformation group, and Ldr a G-invariant
p-form such that E(L) # 0. Then E(L) is a differential invariant if and only if G is volume-
preserving.

Corollary 5 Let G be a connected volume preserving transformation group. Then, up to
constant multiple, the G-invariant flow of lowest order has the form

U = L, (27)
where w = Ldx' A ...AdzP is the invariant p—form of minimal order such that E(L) # 0.

These results allow one to write down the simplest invariant flows in any dimension with
respect to any transformation group.

5.2 Euclidean image processing

In this section, we review a number of algorithms for image processing which are related to
the Euclidean shortening flow (21). The algorithms were developed in continuous spaces, and
tested on digital computers by very accurate and stable numerical implementations. These
numerical implementations were developed by the various authors for their specific algorithm.
Only the basic concepts of the algorithms are given here. For more details, see the appropriate
references given below.

In general, & : R? — R* represents a gray-level image, where ®y(z,y) is the gray-level
value. The algorithms that we describe are based on the formulation of partial differential
equations, with &, as initial condition. The solution ®(z,y,t) of the differential equation
gives the processed image.

Osher and Rudin [134] formulated a method for image enhancement based on shock filters.
In this case, the image ®(z, y,t) evolves according to

@ =— || V2| F(L(2)), (28)
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where the function F(u) satisfies certain technical conditions (given explicitly in [134]), and £
is a second order (generally) nonlinear elliptic operator. An image evolving according to (28)
develops shocks where £ = 0. One of the goals of this method is to get as close as possible to
the inverse heat equation [134]. The algorithm was tested on images artificially degraded by
the classical diffusion equation, and very good “inverse” diffusions were obtained.

Rudin et al. [149] presented an algorithm for noise removal, based on the minimization of
the total first variation of @, i.e.,

/ | V& || dedy. (29)
Image

The minimization is performed under certain constraints and boundary conditions (zero flow
on the boundary). The constraints they employed are zero mean value and given variance o?
of the noise, but other constraints clearly can be considered as well. More precisely, if the
noise is additive, the constraints are given by

/ & dedy = &, dudy, / (@ — ®0)? dady = 207 (30)
Image Image Image

Note that &, the Euclidean curvature of the level-sets, is exactly the Euler-Lagrange derivative
of this total variation. Then, for the minimization of (29) with the constraints given by (30),
the following gradient-descent flow is obtained:

q)t =K)—/\(¢—q)0), (31)

and the solution to the variational problem is given when ® achieves steady state. The
level-sets curvature x may be computed via standard formulas for curves defined by implicit
functions. The quantity o is used in the computation of A. The authors computed A from
the steady state solution (®; = 0). Rudin and co-workers have in general shown these total
variational methods to be a powerful tool for a number of image processing problems.

Alvarez et al. [3] described an algorithm for image selective smoothing and edge detection.
In this case, the image evolves according to :

= 4(1G VeI || Ve | div (T (32

where G is a smoothing kernel (for example, a Gaussian), and ¢(w) is a nonincreasing function
which tends to zero as w — co0. Note that

| V& || div (IT%;_H)

is equal to ®¢¢, where £ is the direction normal to V®. Thus it diffuses ® in the direction
orthogonal to the gradient V®, and does not diffuse in the direction of V®. This means that
the image is being smoothed on both sides of the edge, with minimal smoothing at the edge
itself. Note that the evolution

\Y

&, = || V& || div (”_VZ_”) — k|| VO (33)
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is such that the level-sets of ® move according to the Euclidean shortening flow given by
equation (21) [3, 135]. Finally, the term

¢(l G+ Ve )

is used for the enhancement of the edges. If || V@ || is “small”, then the diffusion is strong.
If || V@ || is “large” at a certain point (z,y), this point is considered as an edge point, and
the diffusion is weak.

In summary, equation (32) gives anisotropic or edge preserving (and enhancement) diffu-
sion, extending the ideas proposed by Perona and Malik [145]). The equation looks like the
level-sets of ® are moving according to (21), with the velocity value “altered” by the function

$(w).

5.3 Affine image processing

As we just saw, there is a close relationship between the curve evolution flow (21), and recently
developed image enhancement and smoothing algorithms (see equation (33)). In this section,
we consider the use of the affine shortening flow (25) for a similar purpose.

It is well-known in the theory of curve evolution, that if the velocity V = C; of the evolution
is a geometric function of the curve, then the geometric behavior of the curve is affected only
by the normal component of this velocity, i.e., by < V,N' > . Since the tangential velocity
component only affects the parametrization of the evolving curve, instead of looking at (25),
we can consider a Euclidean-type formulation of it. In [152], we proved that the normal
component of C,, is equal to k!/3A. Since £ = 0 at inflection points, and inflection points
are affine invariant, we obtain that the evolution given by

13

Ce = k2N, (34)

is geometrically equivalent to the affine shortening flow (25). Then the trace (or image) of
the solution to (34) is affine invariant.

It is important to note that the affine invariant property of (34) was also pointed out
by Alvarez et al. [4], based on a completely different approach. They proved that this flow
is unique under certain conditions (uniqueness is obtained also from the results in [130]).
Moreover, they give an extensive characterization of PDE based multiscale analysis, and
remarked that the flows (21) and (34) are well-defined also for non-smooth curves, using the
theory of viscosity solutions [47]. This is also true for the corresponding image flows, where
the level-sets deform according to the geometric heat flows [88, 55] (see below). The existence
of the Euclidean and affine geometric heat flows for Lipschitz functions is obtained from the
results in [6, 7] as well. These results on extensions of the flows to non-smooth data are
fundamental for all image processing applications, since images are non-smooth. The results
prove that the flows are mathematically correct (well-defined and stable).

We proceed now to show how the affine curve flow (34) can be extended to process images.
The technique of embedding a curve as the zero level set in the graph of a surface, and looking
at the evolution of the level-sets was developed by Osher and Sethian [135], and is frequently
used for the digital implementation of curve evolution flows. (See also the recent book [160]
for the numerous uses and a complete set of references about this important method.) Let
us consider now what occurs when the level-sets of @ evolve according to (34). It is easy to
show that the corresponding evolution equation for  is given by

&, = £ || VB ||= (920,, — 20,9, 8, + B2D,,)'/°. (35)

21



‘This equation was used in [153] for the implementation of the novel affine invariant scale-space

for planar curves. It was also used in [4, 156] for image denoising. Note again that, based on
the theory of viscosity solutions, equations (33) and (35) can be analyzed even if the level-sets
(or the image itself), are non-smooth; see [4, 88, 47, 55]. This flow is well-posed and stable.
The maximum principle holds, meaning that the flow is smoothing the image.

If we compare (33) with (35), we observe that the denominator is eliminated. This not only
makes the evolution (34) affine invariant [4, 153], it also makes the numerical implementation
more stable [135]). The 1/3 power is the unique one which eliminates this denominator. This is
of course an important advantage of the affine flow over the Euclidean one in image processmg
Moreover, for high curvatures, & k!/3 is smaller than k, which further prevents sharp regions
from moving. Finally, since the symmetry group (the affine group) of (35) is much larger
than that of equation (33) (the Euclidean heat flow), more structure is preserved up to a
higher degree of smoothing. This phenomenon has been observed, for example, in Niessen
et al. [128] in which elliptical structures of MRI images of the brain were preserved up to a
very high degree of smoothing using equation (35). One can combine this smoother with an
affine invariant edge map as in [132] to perform affine invariant edge preserving anisotropic
diffusion as in the Euclidean case.

5.4 Geometric Gradient Active Contours

In the past few years, a number of approaches have been proposed for the problem of snakes
or active contours. The underlying principle in these works is based upon the utilization of
deformable contours which conform to various object shapes and motions. Snakes have been
used for edge and curve detection, segmentation, shape modelling, and especially for visual
tracking. The recent book by Blake and Yuille [33] contains an excellent collection of papers
on the theory and practice of deformable contours together with a large list of references.

In [104], we have proposed a novel deformable contour model which was motivated by the
elegant approach in of Caselles et al. [41] and Malladi et al. [122]. (A similar approach was
independently formulated in [42, 161].) In these works, a level set curve evolution method is
presented to solve the problem. Our idea is simply to note that both these approaches are
based on Euclidean curve shortening evolution which in turn defines the gradient direction in
which the Euclidean perimeter is shrinking as fast as possible. Our snake model is then based
on the geometric intuition of multiplying the Euclidean arc length by a function tailored to
the features of interest to which we want to flow, and then writing down the resulting gradient
evolution equations. Mathematically, this amounts to defining a new Riemannian metric in
the plane tailored to the given image, and then computing the corresponding gradient flow.
This leads to some intriguing new snake models which efficiently attract the given active
contour to the features of interest (which basically lie at the bottom of a potential well). The
method also allows us to naturally write down 3-D active surface models as well.

Let us briefly review some of the details from [104]. First of all, Caselles et al. [41] and
Malladi et al. [122] propose a snake model based on the level set formulatlon of the Euclidean
curve shortening equation. More precisely, their model is

(9\1'

= = $(2, Y)IIVE||(div( (36)

vvo
o )

Here the function ¢(z,y) depends on the given image and is used as a “stopping term.” For
example, the term ¢(z,y) may chosen to be small near an edge, and so acts to stop the
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evolution when the contour gets close to an edge. One may take [41, 122]

b= rroe
=1FIVG, * I’

where I is the (grey-scale) image and G, is a Gaussian (smoothing filter) filter. The function
¥(z,y,t) evolves in (36) according to the associated level set flow for planar curve evolution
in the normal direction with speed a function of curvature which was introduced in the work
of Osher-Sethian [135, 159].

It is important to note that the Euclidean curve shortening part of this evolution, namely

ovr . vvo
5= llvwlldlv(w) (38)

37)

is derived as a gradient flow for shrinking the perimeter as quickly as possible. As is explained
in [41, 122], the constant inflation term v is added in (36) in order to keep the evolution moving
in the proper direction. Note that we are taking ¥ to be negative in the interior and positive
in the exterior of the zero level set.

We would like to modify the model (36) in a manner suggested by Euclidean curve short-
ening. Namely, we will change the ordinary Euclidean arc length function along a curve
C = (z(p), y(p))T with parameter p given by

ds = (2% + y?)!/*dp,

to
dsy = (a2 + y?)!/2dp,
where ¢(z, y) is a positive differentiable function. Then we want to compute the corresponding

gradient flow for shortening length relative to the new metric dsg.
Accordingly set

1 oC
Ly(®) = [ N5 liodp.

Let
acC ,,,oC

7= %/Ila—pll ,

denote the unit tangent. Then taking the first variation of the modified length function Ly,
and using integration by parts (see [104]), we get that

(¥ -
1) = — [ onl — (v M) s

which means that the direction in which the L, perimeter is shrinking as fast as possible is
given by
ocC

S = (4n— (V$- M)A | (39)

This is precisely the gradient flow corresponding to the miminization of the length functional
Lg. The level set version of this is
oy

. VY
5= ¢]|VW|]d1v(W) + V¢ V. (40)
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One expects that this evolution should attract the contour very quickly to the feature which
lies at the bottom of the potential well described by the gradient flow (40). As in [41, 122],
we may also add a constant inflation term, and so derive a modified model of (36) given by

o _
o

Notice that for ¢ as in (37), V¢ will look like a doublet near an edge. Of course, one may
choose other candidates for ¢ in order to pick out other features.

We have implemented this snake model based on the level set type algorithms in [135, 159)
and [122]. We are also studying an affine invariant snake model for tracking based on our

work in [132]. (The evolution itself works using a level set model of k}/3A as discussed in the
previous section.)

All of our methods are extendable to 3D pictures. Indeed, we have developed affine in-
variant volumetric smoothers in [131]. We also have 3D active contour evolvers for image
segmentation, shape modelling, and edge detection based on both snakes (inward deforma-
tions) and bubbles (outward deformations) based on our work in [104, 192].

Finally, we should note that we have developed algortihms for optical flow and stereo dis-
parity under AFOSR-AF/F49620-94-1-00S8DEF (see [112, 113]) which we will be exploiting
for visual tracking in our new AFOSR sponsored research contract.

¢||ku(div(”%ﬁ) +1)+ V-V, | (41)
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